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Abstract 

The ubiquitous 100 kyr cycle in proxy glacial records is attributed in the Milankovitch 

theory of climate epochs to variations of insolation associated with changes in the 

eccentricity of the Earth's orbit. Since the direct effect of eccentricity on insolation is 

small, a wide variety of nonlinear amplification models have been proposed. In addition, 

the orbital equations of the Earth are highly nonlinear. A bispectrum of a time series 

identifies nonlinear phase coupling among those three frequency bands that are frequency 

coupled according to f1 +f2 +f3 = 0. A bispectral analysis of the revised SPECMAP record 

extending over 900 kyr and of the calculated variation in inclination of the Earth's orbit to 

the solar system's invariable plane over the same period show that the bispectral 

signatures of the two time series are remarkably alike. We conclude that the 100 kyr peak 

is due to variations in the inclination of the Earth's orbital plane. 

Introduction 

    Much progress has been made in the understanding of past climates by using linear spectral 

analysis, often Blackman-Tukey, to identify periods of interest in proxy records of climate (Hays 

et al., 1976). Spectral analysis establishes that the dominant period in many proxy climate 

records is 100,000 years (100 kyr), but the origin of this peak remains enigmatic (Imbrie et al., 

1993). Linear spectral analysis techniques are obviously of limited value when various spectral 

components interact with one another due to some nonlinear or parametric process. With respect 

to climate, the orbital equations of motion for the Earth are highly nonlinear. An analysis 

technique that describes nonlinearities in climate records may allow identification of which 

orbital parameters control climate. In addition, a variety of proposals involving nonlinear 

behavior of the Earth have been advanced to explain paleoclimatic variations. An early nonlinear 

model was described by Imbrie and Imbrie (1981), involving an on-off response of ice sheets. 

Since then, dozens of models have been proposed to alter the observed astronomical forcing 

function so as to come into concordance with observations. These are reviewed in Imbrie et al. 

(1993). Curiously, nonlinear statistical techniques have not been applied to climate records. 

    The technique we use in this paper is bispectral analysis. The first empirical bispectrum was 

calculated by Hasselman et al. (1963) using ocean height data. They observed a strong 

interaction of a dominant spectral component with itself (harmonic generation) and appreciable 

interaction with other spectral components. These interactions resulted in the peaking of the 

crests of the shallow water wave as the ocean waves moved onshore. Since this example was 

published, hundreds of applications have been described in the literature in such varied fields as 



turbulent fluid flow, electrical brain activity, plasma interactions, dynamical astronomy, and 

astrophysics (Tyron, 1981; Nikias and Petropulu, 1993). 

    We begin by defining the bispectrum and the steps involved in calculating the bispectrum 

from a digital time series. We then present a brief tutorial example based on the suggestion of 

Imbrie and Imbrie (1980). We next discuss an analysis of the bispectrum of the theoretical 

variation of the inclination of the Earth's orbital plane (Muller, 1994) and compare it with the 

bispectrum of a proxy climate record, the revised SPECMAP (Muller and MacDonald, 1994). The 

bispectrum of SPECMAP contains the readily identifiable fingerprint of orbital inclination as well 

as a number of other interesting features. 

Bispectrum 

    We consider a zero mean time series x(t) that may be represented by its Fourier components 

Xk 

x(t) = S[Xk exp(-2 ¼ i fk t)] 

where S stands for the "sum" over k from (infinity) to +(infinity). The power spectrum P(k) and 

the bispectrum B(k,l) are then defined by 

P(k) = <Xk Xk*> 

B(k,l) = <Xk Xl Xk+l*> 

The operator < > is the expectation value or averaging operator. Xk*
 
is the complex conjugate 

of Xk, Xk* = X-k. 

    The power spectrum describes the contribution to the variance of x(t) (<x2(t)>) from the 

spectral component at fk of width f (=1/T) where T is the length of the record. The bispectrum 

represents the contribution to the skewness <x3(t)>) of those spectral components at fk and fl of 

area (f)2. With this interpretation we have 

<x2(t)> = SkPk 

<x3(t)> = Sk,lB(k,l) 

where, once again, the "S" stands for "Sum" (usually Greek"Sigma"). 

    The definition of the bispectrum clearly shows that the bispectrum B(k,l) measures the 

statistical dependence between three frequency bands centered at fk, fl , and f-k-l. If there is 

energy at these bands, as there would be in any noisy record, then each band is characterized by 



an amplitude and a phase. If the phases are statistically independent, the sum or difference 

phases will be randomly distributed over (-,). When a statistical averaging, denoted by the 

operator < > is carried out, the bispectrum will vanish due to random phase mixing. 

Alternatively, if the three frequency bands are coupled to each other, the total phase will not be 

random at all, although the phase of each band may be randomly changing. This situation is one 

of the phase coherence among the three bands. In this case, the statistical averaging will not lead 

to a vanishing bispectrum. Phase coherence among various bands in the spectrum of a time series 

is evidence that the series was produced by a nonlinear process (MacDonald, 1989). 

    A simple mechanical example illustrates the concept of the bispectrum. Consider a machine in 

which three wheels are interconnected through new teeth gears that initially operate without 

chatter. Suppose that their angular frequencies are 1, 2, and 1 + 2. The machine will radiate 

acoustic energy at the corresponding frequencies f1, f2, and f1+f2. A power spectrum of the 

acoustic field radiated by the machine would show peaks at f1, f2, and f1 +f2 and possibly at their 

harmonics, 2f1, 2f2, etc., with a continuum of background noise. The bispectrum of the acoustic 

signal would have a peak at (f1,f2) and, if the harmonics are generated, at (f1,f1), (f2,f2), etc. As the 

gears wear, perfect phase lock is lost, and there is a certain chatter as the gears slip randomly. 

Frequency coupling is maintained, with the power spectrum showing peaks at f1, f2, and f1 +f2, 

but phase coupling is lost. As phase coupling is lost, the bispectral peak diminishes in amplitude. 

Indeed, gear wear in machinery is operationally monitored by continuously calculating the 

instantaneous bispectrum (Sato et al., 1977) and noting the amplitude of the bispectrum. 

    We note from its definition that the bispectrum is highly symmetric, 

B(k,l) = B(l,k) = B*(-k,-l) = B(-k-l,l) = B(k,-k-l). 

Further, the bispectrum detects only the quadratic (symmetric) part of a nonlinearity. If a linear 

signal x(t) passes through a cubic device, y(t) = x3(t), then the bispectrum of y(t) vanishes. 

Computation of the Bispectrum 

    Numerous schemes have been advanced over the years to estimate the complex bispectrum of 

a time series. Hasselman et al. (1963), in the pre-FFT days, used narrowband pass filters to 

estimate Xk, Xl, and Xk+l. Alternatively, in analogy with Blackman-Tukey, the triple correlation 

function r3(1,2) is calculated 

r3(1,2) = (1/N) Sk=1
1+N-1[x(k) x(k + 1) x(k + 2)]  

and the Fourier transform is then taken with respect to 1 and 2 (Lohmann and Wirnitzer, 1984). 

    Our procedure follows current practice (Nikias and Petropulu, 1993). We assume that the 

sampling interval t is sufficiently small that the Nyquist frequency fN = 1/(2t) is larger than 

any spectral component of interest present in x(t). We further assume that the record length, T = 

Nt, is large enough to assure adequate frequency resolution. If frequency bands fk and fl contain 

significant power, then we desire that the elementary bandwidth f = 1/T be much smaller than 



|fk - fl|. This consideration determines how we carry out the phase averaging. One method would 

break the record up into M separate records and then average the computed bispectrum over the 

M records. This procedure reduces the effective resolution by a factor of M. Instead, from the 

full record we compute a moving average of ten nearest neighbor estimates of the bispectra in the 

(f1,f2) plane, making use of the full symmetry of the bispectrum. This procedure smudges the 

resulting peaks in the bispectrum but retains the full resolution for estimates of individual points 

of the bispectrum. 

In summary, the computational procedure involves: 

1. Subtracting the mean value for the record; 

2. Windowing with a Hanning window to reduce leakage (Harris, 1978); 

3. Computing the Fourier amplitudes and phases using the FFT techniques (Press et al., 1993); 

and 

4. Estimating the bispectrum by averaging in the (f1,f2) plane. 

A Nonlinear Model of Climate 

    Imbrie and Imbrie (1980) proposed a simple nonlinear model of ice volume behavior. The 

model has recently been used by Shackleton et al. (1990) to devise a time scale for glacial epochs 

that is widely accepted (Imbrie et al., 1993; Muller and MacDonald, 1994). The Imbrie and 

Imbrie model relates the ice volume, y(t), to an approximation of the northern high latitude 

insolation x(t) where 

x(t) =  +  e sin[ -), 

where  is the obliquity, e the eccentricity, e sin  the precessional parameter, and  and  are 

adjustable constants. The model equations relating ice volume y(t) to insolation x(t) are: 

dy/dt = (1+b)(x-y)/Tm if x > y 

dy/dt = (1-b)(x-y)/Tm if x < y 

The two time scales in the problem-rate of ice accumulation and rate of ice melting-are 

incorporated in b and Tm is a mean time constant for the problem. 

    The nonlinearity is introduced in the model by the different functional form of y(t) depending 

on the relative scaled values of ice volume and insolation. The nonlinearity has a quadratic 

component, and sum and difference frequencies should be generated by the model. The three 

leading terms in the precessional parameter e sin  have frequencies: 

f1 = 0.042166 cpky 



f2 = 0.044587 cpky 

f3 = 0.052698 cpky 

(Berger, 1978). The sum frequencies give lines in the spectra at periods corresponding to 11.5, 

10.5, and 10.3 kyr. These peaks are not observed in proxy climate records (MacDonald, 1990). 

The difference frequencies and corresponding periods are: f2 -f1 = 0.00242 413 kyr 

f3 -f1 = 0.01053    95 kyr 

f3 -f2 = 0.00811    123 kyr. 

The strongest peak would be at 413 kyr, but as is widely recognized, proxy climate records do 

not show this difference frequency (Imbrie et al., 1993; MacDonald and Muller, 1994). The split 

eccentricity peaks at 123 and 95 kyr are also not observed in high-resolution spectra of isotopic 

records (MacDonald and Muller, 1994). Further bispectral analysis fails to detect any interaction 

involving f1, f2, and f3. On the basis of these observations, it is unlikely that the Imbrie and 

Imbrie model is applicable, and the analysis raises further questions about the validity of the 

Shackleton et al. (1990) time scale (Muller and MacDonald, 1994). 

Bispectrum of SPECMAP 

    Muller (1994) has suggested that the dominant peak in proxy climate records at about 100 kyr 

is due to the variation in inclination of the Earth's orbit relative to the invariable plane (the plane 

perpendicular to the angular momentum vector of the solar system). Quinn et al. (1990) have 

carried out a detailed numerical integration of the dynamics of the solar system for 3.05 million 

years into the past. They find significant differences with Berger's (1978) secular solutions, 

particularly for times earlier than one million years ago (Ma). The variation of inclination as 

obtained by Quinn et al. (1990) and transformed with respect to the invariable plane is shown in 

figure 1. The strong 100 kyr oscillation is clearly evident, as is a longer-term modulation. 

  

Figure 1. Variation of the inclination of the Earth's orbital plane as calculated by 

Quinn et al. (1990) and referred to the invariable plane of the solar system.  

    Figure 2a gives the power spectrum of the calculated inclination. 

  

Figure 2. a) Power spectrum of inclination shown in figure 1 calculated using Lomb 

(1976) method (Press et al., 1993). b) Power spectrum of revised SPECMAP.  

The principal peaks are at 

f1
T
 = 0.0102 cpky 



f2
T
 = 0.0086 cpky 

but both of these peaks are split with 

f3
T
 = 0.091 cpky 

f4
T
 = 0.006 cpky 

The record length is insufficient to determine the peak frequencies of the split peaks accurately. 

We note, however, the possibility of frequency coupling, since 

f2
T
 + f3

T 
= 0.0996 Å f1

T
 

The power spectrum of the revised SPECMAP is shown for comparison in figure 2b. 

    A contour plot of the bispectrum of the theoretical inclination is shown in figure . A 

statistically significant peak shows at (0.009, 0.001), indicating that the frequency bands near 

0.001, 0.01, and 0.009 cpky are frequency and phase locked. The bispectrum detects the split 

peak near 0.01 cpky and relates it to the peak near 0.001. The calculation has two unsatisfactory 

features. The record length and averaging broaden the bispectral peaks. The bispectrum of the 

full 3 million year record shows a much sharper peak. Since the record is only 900 kyr long, the 

peak at 0.001 cpky has less than a complete cycle, but still maintains a phase lock with peaks at 

0.009 and 0.01, which go through nine cycles. 

  

Figure 3. Bispectra of eccentricity, of the revised Specmap oxygen isotope data, and of orbital 

inclination. The bispectra all cover the period 0-894 ka. The axes are frequency, in units of 

cycles per kiloyear. Note the similarity between Specmap and inclination bispectra, and the 

disagreement between Specmap and eccentricity bispectra. 

    Figure 3 also shows the bispectrum of revised SPECMAP. The dominant peak is at (0.009, 

0.001) cpkyr. The peak is significantly broader than the theoretical bispectrum peak, as might be 

expected for the noisier observational record. We suggest that the close coincidence of the 

dominant peak in the bispectrum of SPECMAP with that of inclination argues strongly that the 

100 kyr cycle observed in climate records is associated with variations in the inclination of the 

Earth's orbital plane. Also note the disagreement between the bispectrum of Specmap and that of 

eccentricity. 

Discussion 

    In a series of previous papers (Muller, 1994; MacDonald and Muller, 1994; Muller and 

MacDonald, 1994), we have argued on a number of grounds that variations in the Earth's orbital 

inclination have played a key role in determining past climate, at least over the past 900 kyr. We 

believe that the present paper adds weight to the argument, even while recognizing the 

deficiencies in our treatment. The agreement between the theoretical and observational bispectra 



are remarkably close, but are not perfect. Limitations on length of record proscribe seeing the 

split peaks and their interaction in detail. While we believe that revised SPECMAP represents an 

improved time scale over the past 900 kyr, there still may remain significant inaccuracies in 

dating. 

    Extension of the time scale beyond 900 ka is essential if we are to make further progress in 

understanding past global climate change. Almost certainly this will require acquisition of 

reliable isotopic age determinations. We are concerned that relying on cycle counting may not be 

sufficient. If orbital inclination is important and dust accretion is a mechanism for cooling, there 

may be periods, for astronomical reasons, when the solar system is more or less dusty. In these 

circumstances, the relative magnitudes of various peaks will vary with possible confusion as to 

the identification of the appropriate dating cycle.  
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